Acoustic black holes (ABHs) are geometric structural features that provide a poten-1 tial lightweight damping solution for flexural vibrations. In this article, a parametric 2 study of an ABH on a beam has been carried out to assess how practical design 3 constraints affect its behaviour, thus providing detailed insight into design trade-offs. 4 The reflection coefficient of the ABH has been calculated for each taper profile, pa-5 rameterised via the tip-height, taper-length and power-law and it has been shown to 6 exhibit spectral bands of low reflection. These bands have been related to the modes 7 of the ABH cell and become more closely spaced in frequency as the ABH parame-8 ters are suitably varied. This suggests that ABH design should maximise the modal 9 density to minimise the broadband reflection coefficient, however, the minimum level 10 of reflection is also dependent on the power-law and tip-height. Consequently, broad-11 band reflection values have been used to show that optimum power-law and tip-height 12 settings exist that achieve a balance between maximum modal density and minimum 13 level of reflection. Additionally, at discrete frequencies, in cases where tip-height and 14 taper-length are practically constrained, the power law can be tuned to maximise 15 performance. Finally, an experimental study is used to validate the results. 16 a) j.cheer@soton.ac.uk 30
I. INTRODUCTION
There is a requirement for lightweight vibration control solutions in a variety of appli-18 cation areas. One such solution is the so-called 'acoustic black hole' (ABH), which relies 19 on introducing modifications to the design of the structure that reduce the structural wave 20 speed and thus allow their control. The desired design modifications are generally achieved 21 via a change in the geometry of the structure 1 . Specifically, when the edge of a beam or 22 plate is tapered, over a distance comparable to or larger than the flexural wavelength 2 , the 23 flexural wave speed decreases as the beam or plate thickness decreases. This phenomenon 24 was described by Mironov in 1988 3 and later termed the 'acoustic black hole' effect by Krylov 25 and Tilman 1 . Figure 1 
where E is the Young's modulus of the beam material, ρ s is the volume density of the beam section will have a finite length and the tip height will be limited by both manufacturing 38 and structural integrity limitations 4-6 . As a result of these practical limits, it has previously 39 been shown that the ABH effect is negligible for practical tip heights, but that significant 40 vibration reduction can be achieved through the addition of a thin layer of passive damping 41 material 1 .
small. Therefore, in this study, the widely used power law profile has been assumed and the 117 height function in this case can be defined as
where ε = h(0) − h tip is a scaling factor, x is the position along the taper, µ is the power 119 law of the taper that defines the gradient and h tip is the tip height at the end of the taper. of the reflection coefficient, as described in Section II C. The length of the uniform beam was 127 chosen to be sufficient such that evanescent components could be neglected in the analysis, as 128 also discussed in Section II C. The beam and ABH were both assumed to be constructed from 129 aluminium alloy 6082-T6 and some inherent damping has been implemented as an isotropic 130 loss with a factor of η Beam = 0.0001, which is consistent with other studies 11,16,23 . To model validate the meshing requirement for the ABH, a convergence study was performed with 143 the number of (edge) elements per wavelength ranging from n = 1 to n = 20. To ensure 144 a sufficiently fine mesh within the ABH, the reference wavelength was taken from the tip 145 of the ABH, where the wavelength is the shortest, ensuring that there is a minimum of n 146 elements per wavelength at all points along the taper. Although the resolution of the mesh 147 could be varied over the length of the taper to improve efficiency, this is not straightforward 148 because the details of the variation in the wavelength depend on the specific properties 149 of the ABH, which will be investigated in Section III. Therefore, although reducing the 150 computational efficiency, selecting the mesh according to the minimum wavelength ensures 151 sufficient accuracy at all points. To ensure that the meshing procedure is sufficient for 152 the full parameter sweep, a mesh convergence study has been conducted for the longest 153 taper (30 cm), smallest tip height (0.01 mm) and a power law of µ = 10, which gives the 154 largest variation in the wavelength along the taper. To assess the convergence, the mean of 155 the magnitude of the displacements measured at each element was calculated at the upper 156 frequency of interest (10 kHz), using an increasing number of elements per wavelength and seen that the number of elements required rapidly decreases as the tip height increases. A 166 convergence study was also carried out to ensure that a sufficient number of elements were 167 used to model the uniform beam section, which is constant over the various parameterisations 168 and a total of 10 elements per wavelength were used, giving a total of 32 elements in the 169 beam section at the upper frequency of interest. The change in the size of the mesh elements 170 between the ABH and the beam section, which is related to the difference in the minimum 171 wavelength in each section, is depicted in Figure 5 . 
120
where l is the distance from the sensor array to any features, such as impedance changes 191 that introduce near-field components, and k f is the flexural wavenumber; this is consistent 192 with 28 . To address the limits that this assumption imposes on the system geometry, it is 193 necessary to express the flexural wavenumber in the beam as 29
Substituting equation 5 into equation 4 and rearranging gives the low frequency limit as
In addition, an upper frequency limit due to aliasing can be calculated based on the require-196 ment that the distance between the two sensors must be less than half a wavelength, which 197 from Equation 2 gives
In the presented study, the sensor array was located at 14 cm from the excitation force 199 and 14 cm from the ABH boundary, so that l = 14 cm and the sensor spacing was set to 200 ∆ x = 2 cm. These parameters give a low frequency limit of approximately 600 Hz and an 201 upper frequency limit of approximately 57 kHz. However, this analysis assumes that the 202 structure behaves as a beam with one-dimensional wave propagation, which will break down 203 when the wavelength becomes comparable to either the width or height of the beam 28 . In 204 the following study, this limit first occurs where the wavelength becomes comparable to the 205 width of the beam, which is 4 cm, and gives a practical upper frequency limit of ∼ 14 kHz.
206
Therefore, in the following investigation the analysis has been limited to a maximum fre-207 quency of 10 kHz.
FIG. 6. Two sensors placed at x 1 and x 2 that are used to measure the velocity,ẇ, at each point.
The velocity measured at each sensor is then used to calculate Φ − and Φ + , the positive and negative travelling propagating waves along the beam.
A diagram of the beam section of the model is shown in Figure 6 indicating the sensing 209 points and the two propagating waves. Each sensor measures the velocity, which is the 210 superposition of the two propagating waves at each point, such that
whereẇ is the transverse velocity measured at a point, x, along the beam and Φ + and Φ − are the complex amplitudes of the positive and negative propagating waves respectively 29 .
The positive and negative propagating wave amplitudes can then be calculated in terms of the velocity at the n-th sensor,ẇ(x n ), as 29
The magnitude of the reflection coefficient can then be calculated as
This will be used in the following parametric study to investigate the tradeoffs in the design 213 of an ABH terminating a beam.
214

III. PARAMETRIC STUDY AND MODAL ANALYSIS 215
In this section, the results from the parametric study of an ABH on a beam are presented.
216
In particular, the effects over frequency of varying the tip height, taper length and power law 217 are investigated, before the broadband design is considered. A parametric study was chosen 218 for this investigation rather than a direct optimisation procedure as highlighted in 16 , to 219 enable the intricate effects that each design parameter has on the reflection coefficient of the 220 ABH over a broad frequency and parameter range to be examined. Although this parametric 221 study can ultimately be used to assess optimal design parameters, it is not restricted to a 222 specific optimisation cost function and, therefore, is able to provide broader insight. That 223 said, it would be more appropriate to perform a direct optimisation process if an ABH was 224 to be designed for a specific application and thus utilise such methods as outlined in 16 .
225
The reflection coefficient for each parameterisation has been calculated using the method 226 defined in Section II C over a frequency range of 100 Hz to 10 kHz, which is well within the upper and lower limits of validity, as discussed in Section II C. In addition, for each 228 parameterisation, the modes of the ABH cell have been calculated by modelling the cell 229 in isolation and assuming a no-rotation boundary condition at the junction between the 230 beam and the ABH. The no-rotation boundary condition was found to approximate the 231 modal behaviour of the ABH coupled to the beam section well, because, in the fully-coupled 232 system, the rotational stiffness of the beam at the ABH junction is much greater than the 233 bending stiffness. therefore, if the ABH was being tuned for a narrowband control problem, there may be a 248 benefit to selecting a tip height that is greater than the minimum manufacturable limit; this is distinct from the general ABH design approach. For example, the performance at 7 kHz 250 can be maximised by using a tip height of 0.7 mm. Despite this potential for narrowband 251 tuning, by decreasing the tip height the bands of low reflection begin to overlap and the 252 broadband performance tends to increase; this broadband performance will be explored in 253 more detail below.
254
In addition to the narrowband and broadband performance of the ABHs, it is interesting 255 to consider the low frequency performance limit. From the results presented in Figure 7 (a), 256 it can be seen that at frequencies below ∼2 kHz, the bands of low reflection become narrow 
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From these results, it can again be seen that the modal frequencies correspond to the bands 310 of low reflection. In addition, it can be seen that the modal density increases as the taper 311 length increases and this is clearly shown by Figure 8(b) , which shows the average modal The final geometrical parameter that can be tuned when designing an ABH for a beam 317 application is the power law. In fact, in many applications this may be the main design 318 parameter due to restrictions on tip height, due to manufacturing and structural integrity 319 requirements, and taper length, due to the space available for the ABH. From the results presented in Figure 9 (a) it can be seen that the spectral bands of high and 327 low reflection, observed previously, also vary with the taper power law. At higher frequencies, 328 on average, the reflection coefficient is lower for all power laws and this is consistent with 329 the previous results and literature. Figure 9 (a) once again shows the alignment between 330 the modal frequencies of the ABH and the bands of low reflection for the range of power 331 laws examined. A higher power law changes the mass distribution of the taper and can be 332 seen to lower the modal frequencies and thus increase the modal density over the presented 333 frequency range. This is also shown by the average modal density versus power law, which 334 is shown in Figure 9 (b). From this plot it can be seen that the modal density increases 335 exponentially with the power law. In addition to the changes in the modal frequencies, it 336 can be seen from the results shown in Figure 9 (a) that for power laws less than around 5, 337 the minima in the spectral bands are lower than for higher power laws. For example, in the 338 band corresponding to the third mode, the reflection coefficient is lowest for a power law 339 between 3 and 5. There thus exists an optimal power law, which reaches a tradeoff between 340 the large impedance change between the beam and the taper at higher power laws, and the 341 limited length of the taper over which the wave speed is relatively slow at lower power laws.
342
That is, the reflection at higher power laws becomes dominated by the component reflected 343 from the junction to the ABH rather than from the ABH itself, as demonstrated in 18 , and 344 it can be seen from the results in Figure 9 (a) that this is a frequency dependent effect.
345
Based on the above discussion and the results in Figure 9 (a), it is evident that there is an can be tuned to achieve a change in its performance characteristics. In particular, it has 354 been discussed how the parameters can be tuned to optimise the ABH for performance at 355 a single frequency or over a narrowband. However, the ABH design parameters could also 356 be tuned to minimise the reflection over a broadband frequency range and in this case the 357 optimal parameters will depend on both the bandwidth of interest and the constraints due 358 to the application. In this section, the potential design tradeoffs will be considered for the 359 case when the maximum broadband performance of the ABH is required and the optimal 360 design parameters will be evaluated. In this investigation, the broadband performance will 361 be assessed over a frequency range of 100Hz -10kHz by calculating the average reflection 362 coefficient, and the minimum broadband reflection coefficient over the parameter space will 363 be evaluated.
364
In the first instance, Figure 10 shows how the broadband average reflection coefficient For the parameter ranges examined, it is clear that the optimum tip height, which min-372 imises the broadband reflection coefficient for a specific taper length, varies with taper length.
373
This is shown by the dotted white line in Figure 10 and is generally lower for longer taper 374 lengths. This is somewhat distinct from current ABH design strategies, which specify that 375 reducing the tip height improves the performance of the ABH. This is because, as shown results presented in Figure 11 . It is also interesting to note that for taper lengths greater 405 than about 10 cm, the optimum power law is relatively constant with a value between 2 406 and 3. In summary, the results in Figure 11 show that the power law of an ABH can be 407 optimised for a specific taper length to achieve the minimum broadband reflection coefficient.
408
For example, if the length of the ABH taper was constrained by the intended application, 409 the power law of the ABH could be optimally tuned according to the data shown in Figure   410 11.
411
In addition to considering how the broadband performance varies with both power law 412 and taper length, it is interesting to consider the variation with power law and tip height 413 and this is shown in Figure 12 . The optimum power law, which minimises the broadband 414 reflection coefficient for each tip height, is shown by the dotted white line. From these results
415
it can be seen that the optimum power law is greater for larger tip heights and this can be 416 That is, when the modal density is limited by the tip height, the benefit of increasing the 418 modal density by using a higher power law outweighs the relative change in the reflection 419 from the junction to the ABH. For smaller tip heights, this balance between the reflection 420 from the junction and the modal density occurs at a lower power law. In this section, the reflection coefficient of a practical ABH will be presented and the 425 experimentally identified modes will be assessed to validate the physical insights provided 426 by the simulation-based study. This experimental study will demonstrate that the practical 427 ABH behaves with the characteristics that were predicted in the simulation study.
428
A. Experimental setup 429
An ABH on a beam was cut from an aluminium plate, alloy 8082-T6, using a water jet and 430 the dimensions are shown in Table II . The manufactured beam with the ABH termination 431 is shown in Figure 13 , with and without the additional damping applied to the taper. The The resulting vibration of the structure was measured at intervals of 5 mm along the 442 length of the beam and the taper sections using a Polytec PDV-100 laser vibrometer 443 mounted on a tripod 210 mm above the ABH. Each measurement was taken for a duration 444 of 60 s to allow significant averaging to achieve good coherence. The reflection coefficient 445 was then calculated using the wave decomposition method, described in section II C. A 446 good signal to noise ratio was observed by using a sensor separation of 2 cm. Based on the 447 experimental dimensions, the lower frequency measurement limit was ∼ 600 Hz (based on 448 the distance between the sensor and any near field components) and the upper frequency Table II and the measured mode shapes at each minima have been plotted. The grey shaded area is the frequency range that the wave decomposition is invalid for. In addition, the reflection coefficient calculated using the FE model is shown.
V. CONCLUSIONS
469
This article has presented an extended study of how the controllable geometrical param-470 eters of an ABH influence the reflection coefficient and the broadband average reflection 471 coefficient of a beam. A finite element model has been developed and utilised to carry out a 472 parametric design study. In the first instance, the variation in the reflection coefficient over 473 frequency has been investigated as either the tip height, taper length or power law of the 474 ABH are modified. These results have shown that the reflection coefficient exhibits bands of 475 low reflection and, through a modal analysis, these bands have been linked to the modes of 476 the ABH cell. As a result of this insight, it has been shown how the ABH can be tuned for 477 optimal performance at either a single frequency or in a broadband sense. In the case of the 478
